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A Frobenius problem 
in the Gaussian integersOne of the problems that emerged from Erdos, et al's 1973 paper ERT I

was:  is it possible to color the plane with red and blue so that no two blue points are a distance 1 
apart, and no 4 red points are the vertices of a unit square?  And, if not, what is the smallest k such that 
there is a k-set S in the plane and a coloring of the plane with red and blue so that no two blue points 
are a distance 1 apart and no set congruent to S is all red?  In 1979 Rozalia Juhasz proved that k is 
greater than 4 but no greater than 12.  Someone got it down to no greater than 8, reportedly, some 
time in the past 20 years.  In 1999 Arthur Szlam proved that if Euclidean n-space is colored with red 
and blue so that no two blue points are a distance 1 apart and no translate of some k-set S in the 
space is all red, then the unit-distance chromatic number of Euclidean n-space is no greater than k.
His proof was so short and easy that it was possible to generalize the result beyond recognition.  
Lately the generalized result has been used to obtain lower bounds on the cyclic van der Waerden 
numbers, and thus on the van der Waerden numbers.  The van der Waerden number W(k,r) is the 
smallest positive integer N such that however a block of N consecutive positive integers are colored 
with r colors, there will be a monochromatic k-term arithmetic progression in the block;  the cyclic van 
der Waerden numbers are the "mod N" analogue of the van der Waerden numbers.

It is well known that if a(1),...,a(k) are positive integers with no common divisor 
greater than 1, then the set of all linear combinations of the a(i) with 
non-negative integers covers a tail of the positive integers.  The problem of 
finding the largest integer not representable as a non-negative integer combina-
tion of the a(i), as a function of the a(i), is called the Frobenius problem, after the 
mathematician who solved it in the case k = 2.
      Recently Christopher Maier, Jordan Paschke, and the speaker noted that an 
analog of the Frobenius problem in the case k = 2 makes sense in the Gaussian 
integers.  Happily, little progress has been made, and the whole kaboodle is up 
for grabs.


